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Abstract 
Let S, be the 2n x 2n square lattice and c(S,) the number of dimer coverings of S,. In 1961, 
M.E. Fisher, P.W. Kasteleyn and H.N.V. Temperley/M.E. Fisher established the-now classi- 
cal-result that log c(S,) is asymptotically equivalent o CS 1 S, 1 where Cs > 0 is a constant. In 
this paper, another sequence {T, > of subsets of the infinite square lattice is considered which, in 
a way, is similar to {S,}, and by elementary means it is shown that the asymptotic behaviour of 
c(T,,) is quite different from that of c(S,): in fact, log c(T,) N C,m where CT > 0 is 
a constant. 
1. Introduction 
The dimer problem originated from the investigation of the thermodynamic prop- 
erties of a system of diatomic molecules (called dimers) adsorbed on the surface of 
a crystal (see [S, 7,8]). In many cases, the most favourable points for the adsorption of 
atoms form a part R of a square lattice S, and a dimer can occupy two points of 
R which are neighbouring in S, and only such points. A dimer covering of R is an 
arrangement C of dimers on R such that every point of R is covered by exactly one 
dimer of C. Let c(R) denote the number of dimer coverings of R. 
We may identify S with the set of points 
{a+i.bla,bE{O, +l, _+2 ,... }) 
of the complex number plane. R determines a graph P = P(R) = (V, E) with vertex set 
V = V(P) = R c S and edge set 
E=E(P)={(x,y)(x,y~RandIx-yl=l}. 
To any dimer covering of R there corresponds a perfect matching of P (i.e., a set of 
disjoint edges of P covering all vertices of P), and conversely. Thus c(R) equals the 
*Corresponding author. 
0166-218X/94/$07.00 0 1994-Elsevier Science B.V. All rights reserved 
SSDI 0166-218X(92)E0209-Q 
172 H. Sachs, H. Zernitz / Discrete Applied Mathematics 51 (1994) 171-179 
number m(P) of perfect matchings of P = P(R). In what follows we shall restrict our 
considerations to subsets R of S such that P(R) is a polyomino, i.e., a 2-connected finite 
plane graph in which all finite regions are unit squares. 
Let 
S,:={a+i.b)a,b~:{--+l, --+t,...,n}}; 
clearly, (&I = 4n2. Note that S, c S “+i: in this sense, the sequence {S,} is strictly 
increasing, and it tends to cover the whole of S. Put A, := P(S,); graph A, is a special 
polyomino, namely, the 2n x 2n square lattice graph. 
Consider the following two problems. 
(I) Given R, determine c(R) = m(P(R)). 
(II) Determine the sequence c(S,) = m(A,), rz = 1,2, 3, . . . and its asymptotic 
behaviour. 
An algorithmic solution to (I) is given in [4]; see also [l, 3, 91. 
(II) is the classical (special) dimer problem which was solved in 1961 by M.E. Fisher 
[2], H.N.V. Temperley and M.E. Fisher [lo], and P.W. Kasteleyn [6]. The main 
result is the following. 
Theorem A. 
where 
G&$+&g+ -...= 0.915965594 . . . 
is Catalan’s constant. 
This means that, for large values of ~1, the average contribution of a vertex of S, to 
log c (S,) is approximately 
G 
- = 0.2915609... . 
7t 
This result generalizes to point arrangements of rectangular shape and to spaces of 
any dimension. For comprehensive surveys see P.W. Kasteleyn [S], E.W. Montroll 
[7], and J.K. Percus [S]. 
The purpose of this paper is to show that one must be very cautious in drawing 
conclusions from Theorem A and its generalizations: it turns out that the quantity 
(log c( R))/j RI depends in a very sensitive manner on the “shape” of P(R). In 
what follows another simple sequence {T”} of “almost square shaped” point 
arrangements will be considered which, same as the sequence {S,}, is strictly increas- 
ing and tends to cover the whole of S however, asymptotically, behaves entirely 
different from IS,}. 
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Fig. 1. 
2. The sequence {T,} 
Let {B,} be the sequence of polyominoes as depicted in Fig. 1 and put T, = V(B,); 
note that B, = P(T,). B, has 2n horizontal and 2n + 1 vertical lines. Clearly, 
1 T,,l = 2(3 + 5 + 7 + ... + 2n + 1) 
= 2{(n + 1)’ - l> = 2n(n + 2). (1) 
V(B,) can be partitioned into a set of non-adjacent white vertices and a set of 
non-adjacent black vertices of equal cardinality, as indicated in Fig. 1. In order to 
calculate c( T,,), lift the white vertices a little bit: by this operation, the plane graphs B, 
of Fig. 1 are transformed into the plane graphs BX of Fig. 2 to which the algorithm 
developed in [4] (solution to problem (I)) can be applied. The structure of B,* being 
particularly simple, this algorithm reduces to the following elementary procedure. 
Beginning with the top vertex t, and running through B,*, layer by layer, from top to 
bottom, assign a weight q(v) to every vertex v of B,* according to the following rules: 
(9 q(L) = 1, 
(ii) q(v) = Cq( ‘) h v w ere the sum is taken over all neighbours v’ of v which, in B,*, lie 
above v(v # t,). 
The weight of the bottom vertex b, equals m(B,* ) = m(B,). 
This implies 
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Fig. 2. 
Theorem 1. c(T,) = q(b,) (n = 1,2, 3, . ..). 
For some examples, see Fig. 3 (note that both the end vertices of a short vertical 
edge have the same weight which, in the figure, is printed only once). 
In order to make the paper self-contained, we shall give a quite elementary proof of 
Theorem 1 which is related to investigations of Gronau et al. [3, Theorem 11. 
Proof of Theorem 1. Direct all edges downwards thus turning B,* into a directed 
graph B,*. Clearly, Bt is acyclic, t, is its only source and b, is its only sink. First note 
that q(u) is the number of directed paths of 3: (or: monotone paths of BX) issuing 
from t, and terminating in vertex v. In particular, if D denotes the set of all directed 
paths of Bt connecting the source with the sink, then ( D 1 = q(b,). Let fi E D and let 
D be the monotone path corresponding to b in B,*. First colour all short vertical 
edges of B,* red and all other edges blue, then interchange the colours of those edges 
which lie on D: clearly, the red edges of this new colouring (i.e., the long 
edges-oblique or vertical-which lie on D and the short vertical edges not on D) 
form a perfect matching of B,* which we will call p(b). 
Conversely, let M be the set of all perfect matchings of B,* , M E k4. Colour the edges 
of M red and all other edges of B,* blue. It is easy to see that the long red edges 
(oblique or vertical) together with the short blue edges (necessarily, vertical) form 
a red-blue alternating monotone path connecting t, with b,; let 6(M) denote 
the corresponding directed path in B,*. Clearly, M = p(fi) implies fi = 6 (M), and 
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Fig. 3. 
conversely. Thus we have established a (l,l)-correspondence between D and Ml and 
we conclude that 
C(T”) = m(B,) = IbQ) = 1 I191 = q(6,). 
This was to be proved. q 
Note that BX and its weights are reproduced in weighting B,*+I (Fig. 3). From 
this observation it is immediate that we can take the ~(7’~) from a “modified 
Pascal triangle” A (see below) with entries [i] defined by the following recurrence 
relations: 
6) [i]=[b]=[:]=l; 
(ii) [ ~l]=[n:l]=O (n=0,1,2,...); 
(iii) [~]=[~~~]+[~I~]+[“,‘] 
(n=2,3,4 ,... ;k=O,l,..., n). 
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Table 1 
A: 
1 
1 1 
1 3 1 
I 5 5 1 
= 1 7 13 7 1 
1 9 25 25 9 1 
1 11 41 63 41 11 1 
1 13 61 129 129 61 13 1 
1 15 85 231 321 231 85 15 1 
The summation rule (2) (iii) may conveniently be arranged as 
n 
= 
Cl k 
(3) 
The first lines of A (without its marginal elements [Jr ] and [ ,, J 1 ] which, by (2) (ii), are 
all zero) are given in Table 1. 
With this notation, we simply have 
Theorem 2. 
c(Tn) = 
2n 
[ I (n=1,2,3 ,... ). 0 n 
In particular, according to Table 1, 
c(T,) = = 3, c(T2) = = 13, 
(compare Fig. 3). 
H. Sachs. H. Zernitz / Discrete Applied Mathematics 51 (1994) 171-179 177 
In order to establish suitable estimates for [ ‘,“I, we enter the investigation of A. By 
induction, we obtain 
[nnk]=[nk] 
(n = 0, 1, 2, ..,; k = - 1, 0, 1, . . . , n + 1) (symmetry rule) 
and 
[:]<[k: I] 
(n=0,1,2 ,... ;k= -l,O,l,..., L n/2 A- 1) (monotonicity rule). 
Let s, denote the sum of the elements in the nth row of A: 
k=O 
(n = 0, 1,2, . ..). 
BY (2) and (3), 
so = 1, si = 2; .s,+1 = 2 s, + S.-i (n = 1, 2, 3, . . . ). 
This difference equation has the unique solution 
fi s, = q((1 + $y+i -(l -Jzy+‘} (n=0,1,2, . ..). 
Thus 
s $(1+$)(3+2&+sn 2n = 
where 
& E, = $4 - 1)(3 - 2&, 
lim E, = 0. 
n+cC 
From (6) we obtain 
lim”Js,,=3+2$. 
n-rcc 
For n 3 1, 
(4) 
(5) 
(7) 
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and, because of (4) and (5), 
1 cc 2n 2n 1 1 
>2n+ l,=, k = 2n$-2”’ 
thus 
(AS2”)‘:” <(C(T”))l’” < 4:. 
Because of (7), (8) implies 
lim ;lc(T,) = 3 + 2$ = 5.82842712 . . . 
“_q, 
or, equivalently, 
,‘lr”, (;logc(Q) = log(3 + 24). 
Recalling (l), we eventually obtain 
Theorem B. 
n_m ~ = $og(3 + 24) = 1.24645048 .. . . lim l%C(Trd q 
Thus, asymptotically, 
logc(T,) - CW/El 
whereas, by Theorem A, 
log C(S”) - CS I fL I 
where CS, CT are positive constants. 
Table 2 
n 1 2 3 4 5 
C(S”) 2 36 6728 12988 816* 258 584046 368 
C(TZ,-I) 3 63 1683 48 639 1462 563 
*This is the number of ways an 8 x 8 chess board can be covered by 32 dominoes. 
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Remark. Note also that A, = P(S,) is contained as a proper subgraph in 
B2n-1 = P(7’2n-1), however, for n 3 3, c(S,) is much bigger than c(T,,_~): see 
Table 2. 
P.S. Peter E. John (Ilmenau) established the explicit formula 
where m = min {k, n - k}. 
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